
Proposition. Let (an) be a sequence of real numbers, a ∈ R. Then limn→∞ an = a if and
only if for any ε > 0 the set

Bε := {n : an 6∈ Vε(a)}
is finite.

Proof. Assume first that limn→∞ an = a. Fix ε > 0. Then for some N ∈ N, an ∈ Vε(a) if
n ≥ N . Thus any such n do not belong to Bε, so Bε is a subset of a finite set {1, 2, . . . N − 1}.
So Bε itself is finite.

Let us now assume that Bε is finite for any ε > 0. Again, fix ε > 0. Take N = maxBε +1.
Then if n ≥ N , n 6∈ Bε, so an ∈ Vε. Thus

∀ε > 0∃N : n ≥ N =⇒ an ∈ Vε(a).

So limn→∞ an = a. �


